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Abstract. Giant resonances encapsulate the dynamic response of the nuclear ground state to external
perturbations. As such, they offer a unique view of the nucleus that is often not accessible otherwise.
Although interesting in their own right, giant resonances are also enormously valuable in providing stringent
constraints on the equation of state of asymmetric matter. We this view in mind, we focus on two modes of
excitation that are essential in reaching this goal: the isoscalar giant monopole resonance (GMR) and the
isovector giant dipole resonance (GDR). GMR energies in heavy nuclei are sensitive to the symmetry energy
because they probe the incompressibility of neutron-rich matter. Unfortunately, access to the symmetry
energy is hindered by the relatively low neutron-proton asymmetry of stable nuclei. Thus, the measurement
of GMR energies in exotic nuclei is strongly encouraged. In the case of the GDR, we find the electric dipole
polarizability of paramount importance. Indeed, the electric dipole polarizability appears as one of two
laboratory observables—with the neutron-skin thickness being the other—that are highly sensitive to the
density dependence of the symmetry energy. Finally, we identify the softness of skin and the nature of the
pygmy resonance as important unsolved problems in nuclear structure.
PACS. 21.65.Ef Symmetry energy – 24.30.Cz Giant resonances – 21.60.Jz Nuclear Density Functional
Theory – 24.10.Jv Relativistic models
1 Introduction
Nuclear saturation, the existence of an equilibrium den-
sity, is a hallmark of the nuclear dynamics. That the size
of the nucleus increases as A1/3 is one of the best-known
consequences of nuclear saturation. The venerable semi-
empirical mass formula of Bethe and Weizsa¨cker, con-
ceived shortly after the discovery of the neutron by Chad-
wick, treats the nucleus as an incompressible quantum
drop consisting of Z protons and N neutrons (A=Z+N).
The mass formula may be written in general in terms of
the individual nucleon masses (mp and mn) and the nu-
clear binding energy B(Z,N) that contains all the compli-
cated nuclear dynamics: M(Z,N)=Zmp+Nmn−B(Z,N).
In the context of the liquid-drop formula the binding en-
ergy is written in terms of a handful of empirical param-
eters that portray the physics of a quantum drop. That
is,
B(Z,N)=a
V
A−a
S
A2/3−a
C
Z2
A1/3
−a
A
(N−Z)2
A
+ . . . (1)
The volume term represents the binding energy of a large
and symmetric (Z=N=A/21) system in the absence of
Coulomb forces. The next three terms are correction terms
due to the development of a nuclear surface, the Coulomb
repulsion among protons, and the Pauli exclusion princi-
ple that favors symmetric systems. Note that in both the
surface and Coulomb terms one has already used nuclear
saturation to write the radius of the nucleus in terms of
the equilibrium (or saturation) density ρ0=0.148 fm
−3 as
follows:
R(A) = r
0
A1/3 , where r
0
= 3
√
3
4piρ0
=1.17 fm . (2)
Although such a smooth formula gives a remarkably good
description of the masses of stable nuclei, it is unable to ac-
count for local fluctuations associated with the emergence
of nuclear shells and the concomitant appearance of magic
numbers. To overcome such a drawback, a macroscopic-
microscopic approach was developed, where the nuclear
binding energy is separated into two components: one large
and smooth (as in the liquid drop model) and the other
one small and fluctuating to properly account for shell ef-
fects. The macroscopic-microscopic approach has enjoyed
its greatest success in the work of Mo¨ller and collabora-
tors [1,2,3], and Duflo and Zuker [4,5,6]. Although refine-
ments to the mass formula have been made to meet new
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and increasing challenges, the structure of this 75 year-old
formula remains practically unchanged.
We now consider the thermodynamic limit of the liquid-
drop formula in which both the number of nucleons and
the volume are taken to infinity, but their ratio remains
fixed at the saturation density. Moreover, we ignore the
electroweak sector so that Coulomb forces are absent and
both Z and N are individually conserved. In this limit the
binding energy per nucleon may be written as
E(α) ≡ −B(Z,N)
A
= ε0 + Jα
2 , (3)
where ε0=−aV , J=aA , and α=(N−Z)/A is the neutron-
proton asymmetry. This simple formula suggests that a
large symmetric liquid drop of density ρ0 has a binding
energy per nucleon of ε0 ≈ −16 MeV and that there is
an energy cost of J ≈ 32 MeV in converting all protons
into neutrons, namely, in turning symmetric nuclear mat-
ter into pure neutron matter. However, in reality the liq-
uid drop is not incompressible, so the semi-empirical mass
formula fails to capture the response of the liquid drop to
density fluctuations. Given that the liquid-drop formula
provides a remarkably good description of the masses of
stable nuclei, it is evident that nuclear masses alone, while
highly sensitive to ε0 and J , are insensitive to the density
dependence of these parameters. Note that the equation of
state (EOS) E(ρ, α) dictates how the energy per nucleon
changes as a function of both the density and the neutron-
proton asymmetry. In essence then, the masses of stable
nuclei provide meaningful constrains only for E(ρ≈ρ0, α).
To probe the density dependence of the EOS one must
study the response of the liquid drop to external perturba-
tions. That is, one uses an external probe to drive the sys-
tem away from equilibrium and then records how the sys-
tem responds to such a perturbation. In this contribution
we will focus on two particular nuclear excitation modes:
the isoscalar monopole resonance and the isovector dipole
resonance [7]. For the impact of other excitation modes in
constraining the nuclear equation of state see Refs. [8,9,
10], references contained therein, and the contribution to
this volume by Colo`, Garg, and Sagawa.
The isoscalar monopole resonance measures the collec-
tive response of the nucleus to density fluctuations. Picto-
rially, this collective excitation in which protons and neu-
trons oscillate in phase around the equilibrium density
may be perceived as a spherical breathing mode. Given
that nuclear matter saturates, the pressure at saturation
density vanishes. Thus, the isoscalar monopole resonance
probes the curvature of the EOS at saturation density,
or equivalently, the incompressibility of neutron-rich mat-
ter [11]. Naturally, the incompressibility of asymmetric mat-
ter is sensitive to the symmetry energy. However, a more
direct probe of the density dependence of the symmetry
energy is the isovector dipole resonance. One may visual-
ize this mode of excitation as an out of phase displacement
of neutrons relative to protons. Given that this oscillation
results in the formation of two dilute quantum fluids—one
neutron rich and the other one proton rich—the symmetry
energy acts as the restoring force. Note that in contrast
to the EOS of symmetric nuclear matter, the symmetry
pressure does not vanish at saturation density. An enor-
mous effort has been devoted in recent years to determine
the symmetry pressure.
Even though our contribution to this special volume
is limited to giant resonances, we find useful to discuss
briefly the impact of other observables in constraining the
nuclear symmetry energy. Although the symmetry pres-
sure (or equivalently the slope of the symmetry energy
at saturation density L) is not an observable, it has been
shown to be strongly correlated to the neutron-skin thick-
ness of 208Pb [12,13,14,15]. The neutron-skin thickness is
defined as the difference between the neutron (rn) and pro-
ton (rp) root-mean-square radii. The charge (and proton)
distribution in nuclei is known with exquisite accuracy due
to the pioneering work of Hofstadter in the late 1950’s [16]
and that continues to this day with the advent of power-
ful continuous electron beam facilities. Instead, challeng-
ing parity-violating experiments are required to cleanly
measure neutron densities [17]. Indeed, because the weak
charge of the neutron is much larger than that of the pro-
ton, parity-violating electron scattering provides a clean
probe of the neutron radius that is free from large and
uncontrolled strong-interaction uncertainties. As one com-
bines these results with the highly-precise measurements
of nuclear charge radii [18], one obtains a fairly model-
independent determination of the neutron-skin thickness
of 208Pb, and thus a stringent constraint on the density de-
pendence of the symmetry energy. We note that the Lead
Radius Experiment (“PREX”) at the Jefferson Labora-
tory has provided the first model-independent evidence
on the existence of a neutron-rich skin in 208Pb [19,20].
Through the use of some mild assumptions PREX deter-
mined the neutron-skin of 208Pb to be [19]:
r208skin≡r208n −r208p =0.33+0.16−0.18 fm. (4)
For a detailed account of this significant achievement and
efforts to measure the neutron-skin thickness of 48Ca, see
the contribution to this volume by Horowitz, Kumar, and
Michaels. An accurate determination of the neutron radius
of 208Pb—and the resulting constrain on L—represents a
critical milestone with far reaching implications in areas
as diverse as nuclear structure [12,13,14,15], atomic par-
ity violation [21,22,23,24], heavy-ion collisions [25,26,27,
28,29], and neutron-star structure [30,31,32,33,34,35,36,
37]. Conversely, due to major advances in all these areas
significant constraints on L are starting to emerge as one
combines theoretical, experimental, and observational in-
formation [38,39,40,41,42,43,44]. It is the aim of this spe-
cial volume to summarize the successes of the past and
the challenges of the future in understanding the density
dependence of the symmetry energy. In particular, this re-
view contributes to this common goal by using powerful
insights from nuclear collective excitations.
The manuscript has been organized as follows. In Sec. 2
we review the relativistic random phase approximation
(RPA) formalism required to compute the distribution of
isoscalar monopole and isovector dipole strength. Partic-
ular emphasis is placed on the role of these resonances in
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constraining the density dependence of the symmetry en-
ergy. In Sec. 3 we present results from a variety of nuclear
energy density functionals (EDFs) and highlight the im-
pact of these collective modes in constraining these mod-
els. Finally, we offer our conclusions and summarize the
challenges for the future in Sec. 4.
2 Formalism
This section is subdivided into three subsections. In the
first subsection we introduce the relativistic formalism re-
quired to compute the distribution of both monopole and
dipole strength. Then, we proceed to discuss the merits of
the distribution of isoscalar monopole strength, particu-
larly in neutron-rich nuclei, in constraining simultaneously
the incompressibility coefficient of symmetric nuclear mat-
ter and the density dependence of the symmetry energy.
Finally, the last subsection is reserved to a discussion of
the isovector dipole resonance. In particular, we identify
the electric dipole polarizability as a strong isovector in-
dicator.
2.1 Relativistic Density Functional Theory
Historically, relativistic models of nuclear structure were
strictly limited to renormalizable field theories [45,46]. The
appeal of renormalizability was that a handful of model
parameters could be calibrated to well-known physical ob-
servables so that one could then later extrapolate to un-
known physical regions without the need for introducing
additional parameters. However, the modern viewpoint
suggests that these relativistic models should be treated
as effective field theories (EFTs) where the demand for
renormalizability is no longer required. Yet, EFTs should
continue to provide a consistent framework for the nuclear
many-body problem [47]. An effective field theory is de-
signed to describe low-energy physics without any attempt
at accounting for its detailed short-distance behavior. By
calibrating the model directly to physical observables, the
short-distance structure of the theory, as well as other
complicated many-body effects, gets implicitly encoded in
the parameters of the model. In this regard, density func-
tional theory (DFT) provides a powerful framework for
the construction of an effective field theory [48,49,50], A
meaningful criterion used to construct the relativistic den-
sity functional was proposed by Furnstahl and collabora-
tors based on the concept of “naive dimensional analysis”
and “naturalness” [51,52,53,54,55]. Such an approach is
both useful and powerful as it allows an organizational
scheme based on an expansion in powers of the meson
fields; terms in the effective Lagrangian with a large num-
ber of meson fields are suppressed by a large mass scale.
In principle then, all terms to a given order must be re-
tained. In practice, however, many of these terms have
been be ignored. The “justification” behind these fairly
ad-hoc procedure is that whereas the neglected terms are
of the same order in a power-counting scheme, the full
set of parameters is poorly constrained by existing exper-
imental data. Thus, ignoring a subset of these terms does
not compromise the quality of the fit [51,56].
2.1.1 Relativistic Lagrangian
The starting point for the relativistic calculation of the
nuclear response is the interacting Lagrangian density of
Ref. [56] supplemented by an isoscalar-isovector term orig-
inally introduced in Ref. [30]. That is,
Lint = ψ¯
[
gsφ−
(
gvVµ+
gρ
2
τ · bµ+ e
2
(1+τ3)Aµ
)
γµ
]
ψ
− κ
3!
(gsφ)
3− λ
4!
(gsφ)
4+
ζ
4!
g4v(VµV
µ)2
+ Λv
(
g2ρ bµ · bµ
)(
g2vVνV
ν
)
. (5)
Motivated by a desire to provide a Lorentz covariant ex-
trapolation to dense neutron-star matter, Walecka intro-
duced a Lagrangian density with an isodoublet nucleon
field ψ interacting through the exchange of two massive
isoscalar “mesons”: a scalar φ and a vector V µ [45]. Re-
markably, such a simple model was already able to ac-
count for nuclear saturation at the mean-field level. Al-
though the two parameters of the model (gs and gv) were
adjusted to reproduce the density and binding energy at
saturation, the saturation mechanism was identified as
being of relativistic origin. Indeed, whereas the vector
repulsion continues to increase with baryon density, the
scalar attraction, which is proportional to the “Lorentz
contracted” scalar density, saturates. Moreover, to prop-
erly describe the equilibrium density and binding energy,
both the scalar and vector mean fields were found to be
very large (of about half of the nucleon rest mass). We note
that large and canceling scalar and vector fields are the
hallmark of the relativistic mean-field (RMF) theory. We
also note that the pseudoscalar pion does not contribute
at the mean-field level for a ground state of definite parity.
In order to move beyond infinite nuclear matter and
to be able to describe the properties of finite nuclei, an
isovector meson field (bµ) and the photon (Aµ) were in-
troduced. Relativistic mean-field equations for spherical
nuclei were then solved self-consistently and a comparison
against experiment revealed a level of agreement equiva-
lent to that of the most sophisticated non-relativistic cal-
culations available at the time [57,58]. In particular, a non-
relativistic reduction of the mean-field equations leads to
a Schro¨dinger-like equation with unique central and spin-
orbit potentials. Whereas the central potential displays
the characteristic cancelation between the strong scalar
and vector potentials, the strong potentials contribute co-
herently to the spin-orbit potential. Thus, the simple RMF
approach was successful in accounting for both the rela-
tively weak binding energy and strong spin-orbit splitting
displayed by the single-particle spectrum.
In spite of the enormous success of the early RMF
models, they all suffered from a major shortcoming: the
incompressibility coefficient of symmetric nuclear matter
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was predicted to be K0 ≈ 550 MeV. This was recognized
early on to be excessively large. Hence, in an effort to
overcome this deficiency, Boguta and Bodmer introduced
cubic and quartic scalar meson self-interactions [59]. In
particular, these terms (denoted by κ and λ) may be ad-
justed in such a way as to make the incompressibility
coefficient of symmetric nuclear matter consistent with
measurements of the distribution of isoscalar monopole
strength in medium to heavy nuclei [60,61,62,63,64,65,
66]. In fact, one may select suitable values for ρ0, ε0, K0,
and M∗ (with the latter denoting the effective nucleon
mass at saturation density) and then obtain four of the
isoscalar parameters of the model (gs, gv, κ and λ) by sim-
ply solving a set of four linear simultaneous equations [67].
Later on, two more parameters were introduced to soften
the EOS. In the case of the isoscalar sector, omega-meson
self-interactions (as described by the parameter ζ) serve
to soften the equation of state of symmetric nuclear at
high densities. Indeed, Mu¨ller and Serot found possible to
build models with different values of ζ that reproduced
the same observed nuclear properties at normal densities
but which yield maximum neutron star masses that differ
by almost one solar mass [56]. Such a finding suggests that
observations of massive neutron stars [68,69]—rather than
laboratory experiment—may provide the only meaningful
constraint on the high-density component of the EOS. Fi-
nally, Λv was introduced to modify the poorly constrained
density dependence of the symmetry energy, while leav-
ing the isoscalar sector intact [30,31]. Doing so has served
to uncover powerful correlations between the slope of the
symmetry energy L and a host of both laboratory and
astrophysical observables.
2.1.2 Relativistic Random Phase Approximation
Having defined the relativistic density functional one can
now proceed to compute the linear response of the sys-
tem to an external perturbation. The first step in a con-
sistent mean-field plus RPA (MF+RPA) approach to the
nuclear response is the calculation of various ground-state
properties. This procedure is implemented by solving the
equations of motion associated with the above Lagrangian
density in a self-consistent, mean-field approximation [58].
For the various meson fields the mean-field approximation
consists in solving (non-linear) Klein-Gordon equations
with the appropriate baryon densities appearing as source
terms. These baryon densities are computed from the nu-
cleon orbitals that are, in turn, obtained from solving the
one-body Dirac equation in the presence of scalar and
time-like vector potentials—which themselves are written
in terms of the various meson fields. This procedure must
then be repeated until self-consistency is achieved. What
emerges from such a self-consistent calculation is a set
of single-particle energies and corresponding set of Dirac
orbitals, and the self-consistently determined scalar and
vector mean-field potentials. A detailed implementation
of the mean-field procedure may be found in Ref. [70].
To compute the distribution of both monopole and
dipole strength it is sufficient to concentrate on the longi-
tudinal nuclear response that is defined as
S(q, ω)=
∑
n
∣∣∣〈Ψn|ρˆ(q)|Ψ0〉∣∣∣2δ(ω−ωn)=− 1
pi
=Π(q,q;ω) ,
(6)
where Ψ0 is the exact nuclear ground state, Ψn is an ex-
cited state with excitation energy ωn = En−E0, ρˆ(q) is
the transition operator, and Π(q,q;ω) the associated po-
larization tensor. The transition operator is the Fourier
transform of the vector density and it takes the following
form:
ρˆa(q)=
∫
d3r ψ¯(r)e−iq·rγ0τaψ(r) . (7)
Here γ0 = diag(1, 1,−1,−1) is the zeroth component of
the Dirac matrices, τ0 is the identity matrix in isospin
space, and τ3 =diag(1,−1) is the third isospin matrix. The
cornerstone of our theoretical approach is the polarization
tensor defined in terms of a time-ordered product of two
vector densities. That is,
iΠab(x, y) = 〈Ψ0|T
[
ρˆa(x)ρˆb(y)
]
|Ψ0〉 (8)
=
∫ ∞
−∞
dω
2pi
e−iω(x
0−y0)Πab(x,y;ω) . (9)
Connecting the nuclear response to the polarization ten-
sor is highly appealing as one can bring to bear the full
power of the many-body formalism into the calculation
of an experimental observable [71,72]. In particular, the
polarization tensor contains all dynamical information re-
lated to the excitation spectrum of the system. Moreover,
the spectral content of the polarization tensor is both sim-
ple and illuminating: Πab(x,y;ω) is an analytic function
of ω—except for simple poles located at the excitation en-
ergies and with the transition form-factors extracted from
the residue at the corresponding pole.
The calculation of the nuclear response at the RPA
level has the uncorrelated (or mean-field) polarization ten-
sor as one of its main ingredients. In a mean-field approxi-
mation, the polarization tensor may be written exclusively
in terms of the nucleon mean-field propagator GF . That
is,
Πab(x,y;ω) =∑
0<n<F
Un(x)γ
0τaGF
(
x,y; +ω+E(+)n
)
γ0τbUn(y) +∑
0<n<F
Un(y)γ
0τbGF
(
y,x;−ω+E(+)n
)
γ0τaUn(x) ,
(10)
where Un(x) and E
(+)
n are single-particle orbitals and en-
ergies determined from the self-consistent procedure, and
the sum is limited to occupied positive-energy orbitals
(i.e., below the Fermi surface). The Feynman mean-field
propagator admits a spectral decomposition in terms of
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the mean-field solutions to the Dirac equation, namely,
GF (x,y;ω)=
∑
n
[
Un(x)Un(y)
ω − E(+)n + iη
+
Vn(x)V n(y)
ω + E
(−)
n − iη
]
.
(11)
Here Un and Vn are the positive- and negative-energy so-
lutions to the Dirac equation with the sum now over all
states in the spectrum. Self-consistency demands that the
nucleon propagator must satisfy an inhomogeneous Dirac
equation with a mean-field potential identical to the one
used to generate the ground state. Only then can fun-
damental symmetries be maintained, such as the conser-
vation of the vector current and the decoupling of the
spurious state from the RPA response.
As alluded earlier, the analytic structure of the polar-
ization tensor provides critical insights. Indeed, the po-
larization tensor is an analytic function of ω, except for
simple poles at ω=E
(+)
n −E(+)m > 0, where E(+)n (E(+)m ) is
a positive-energy orbital above(below) the Fermi surface.
Moreover, the corresponding residues at the pole yield the
transition form factors. Finally, note that the contribution
from the negative-energy orbitals is purely real, as it is
free of singularities for ω> 0. This implies that negative-
energy states make no contribution to the mean-field re-
sponse. However, they play an essential role in the RPA
response—as they are instrumental in ensuring current
conservation and the decoupling of the spurious state [73].
Thus, in addition to the conventional particle-hole excita-
tions, consistency demands the inclusion of pairs formed
from occupied positive- and negative-energy states. Note
that by themselves, the positive-energy states are not com-
plete. We display in Fig. 1 the singularity structure of the
nucleon propagator at finite density.
FE
x x x x x x x x x
x x x x
} }} t
negative-energy holes
particles-M +M
positive-energy holes
Fig. 1. (Color online) Analytic structure of the mean-field nu-
cleon propagator. The propagator has singularities at the corre-
sponding mean-field energies. For occupied orbitals—including
the negative-energy sea—the singularities are located above
the real axis; for empty states above the Fermi surface they are
located below. In addition to the conventional particle-hole ex-
citations, consistency demands transitions involving negative-
energy states and occupied positive-energy orbitals [73].
Although a spectral approach provides valuable phys-
ical insights, a scheme that efficiently incorporates all the
required symmetries—while avoiding any reliance on ar-
tificial cut-offs and truncations—is the nonspectral ap-
proach [74,75]. A nonspectral approach has the virtue that
both positive- and negative-energy states (bound and con-
tinuum) are treated on equal footing. In this way the con-
tinuum width is treated exactly in the model. Thus, to
obtain the mean-field propagator in nonspectral form one
must solve the Green’s problem for the Dirac equation in
the presence of a mean-field potential identical to the one
used to generate the mean-field ground state.
Having generated the lowest-order (mean-field) polar-
ization one may now proceed to compute the fully corre-
lated RPA response. One goes beyond the single-particle
response by building collectivity into the nuclear response
through the mixing of many particle-hole excitations. This
procedure is implemented by iterating the lowest-order
polarization to all orders; see Fig. 2 for a diagrammatic
representation. Given that the iteration is to all orders,
the analytic structure of the propagator—and thus the
location of the singularities—is modified relative to the
lowest-order predictions. If many pairs are involved, then
the nuclear response is strongly collective and one “gi-
ant resonance” dominates, namely, it exhausts most of
the classical sum rule. Such an iterative procedure yields
Dyson’s equation for the RPA polarization whose solution
embodies the collective response of the ground state [71,
72]. That is,
ΠRPAab (q,q
′;ω) = Πab(q,q′;ω)+∫
d3k
(2pi)3
d3k′
(2pi)3
Πac(q,k;ω)Vcd(k,k
′;ω)ΠRPAdb (k
′,q′;ω) ,
(12)
where Vcd(k,k
′;ω) is the residual interaction (see below)
and Πab(q,q
′;ω) is the Fourier transform of the lowest-
order polarization:
Πab(q,q
′;ω)=
∫
d3x d3y e−i(q·x−q
′·y)Πab(x,y;ω) . (13)
= +
= +RPA RPA00 V
Fig. 2. (Color online) Diagrammatic representation of the
RPA equations. The ring with the thick black lines represents
the fully correlated RPA polarization while the one depicted
with the thin blue lines is the uncorrelated (mean-field) polar-
ization. The residual interaction denoted with the red wavy line
is identical to the one used to generate the mean-field ground
state.
The computational demands imposed on relativistic
RPA calculations are enormous. Powerful symmetries that
were present in infinite nuclear matter, such as transla-
tional invariance, are now broken in the finite system.
As a result, the RPA equations that were algebraic in
the infinite system become integral equations in the finite
nucleus. Moreover, modes of excitation that were uncou-
pled before (such as longitudinal-transverse or isoscalar-
isovector) become coupled in the finite system. Indeed, for
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nuclei with large neutron excess, the mixing of isoscalar
and isovector modes is strong. Further, because of the
ubiquitous meson mixing in relativistic theories (for ex-
ample, scalar-vector mixing) the RPA equations become
a complicated set of 9×9 coupled integral equations (1 in-
volving φ, 4 involving V µ, and 4 involving bµ3 ; the photon,
being “half isoscalar and half isovector”, may be absorbed
into the last two terms). Finally, note that because of me-
son self-interactions, their respective propagators are no
longer local in momentum space and depart from their
simple Yukawa form. For example, the scalar propagator,
given by Vss(x,y;ω) = g
2
s∆s(x,y;ω), satisfies the follow-
ing complicated Klein-Gordon equation [75,76]:(
ω2+∇2−m2s−κφ−
1
2
λφ2
)
∆s(x,y;ω)=δ(x−y) . (14)
Finally, with the mean-field polarization tensor Πab and
the residual interaction Vab at hand, one can now solve
Dyson’s equation for the RPA polarization tensor using
matrix inversion techniques. Note that whereas excitation
modes become coupled in the finite system, the total angu-
lar momentum J and parity pi remain good quantum num-
bers. Thus, the polarization tensor is decomposed into its
various Jpi components and one solves the RPA equations
for only the channels of interest; Jpi = 0+ and Jpi = 1− in
our particular case.
2.2 Isoscalar Giant Monopole Resonance
We start this section by relaxing the early assumption of
an incompressible liquid drop to allow for density fluctu-
ations around the equilibrium density. In general, the en-
ergy per particle of asymmetric nuclear matter—at zero
temperature and relative to the nucleon mass M—may be
written as follows:
E
A
(ρ, α)−M ≡ E(ρ, α) = ESNM(ρ)+α2S(ρ)+O(α4) . (15)
Given that the neutron-proton asymmetry is constrained
to the interval 0 ≤ α ≤ 1, the total energy per particle
E(ρ, α) is customarily expanded in a power series in α2.
Note that no odd powers of α appear as the nuclear force
is isospin symmetric. The leading term in this expansion
ESNM(ρ) represents the energy of symmetric nuclear mat-
ter. In turn, the first-order correction to the symmetric
limit is the symmetry energy S(ρ). To a very good approx-
imation, the symmetry energy measures the energy cost
in converting symmetric nuclear matter into pure neutron
matter. That is,
S(ρ)≈E(ρ, α=1)−E(ρ, α=0) . (16)
In spite of the enormous progress made over the last years
in measuring the masses of exotic nuclei [77], gaining ac-
cess to the symmetry energy is hindered by the small α2
prefactor. For example, even for 132Sn—a nucleus with a
significant neutron excess—the neutron-proton asymme-
try amounts to only α2 = (0.242)2 = 0.059. And whereas
nuclear masses have been measured accurately enough to
provide valuable constraints on the symmetry energy at
a density of ρ≈0.1 fm−3, its density dependence remains
largely undetermined [13].
However, the response of the nuclear ground-state to
density fluctuations is sensitive to the density dependence
of the symmetry energy. To elucidate this fact, we expand
both the energy of symmetric nuclear matter and the sym-
metry energy around the equilibrium density. That is [11],
ESNM(ρ) = ε0 +
1
2
K0x
2 +
1
6
Q0x
3 + . . . (17a)
S(ρ) = J + Lx+ 1
2
Ksymx
2 +
1
6
Qsymx
3 + . . . (17b)
where x=(ρ− ρ0)/3ρ0 is a dimensionless parameter that
quantifies the deviations of the density from its value at
saturation. Moreover, K0 and Q0 are the incompressibility
coefficient and skewness parameter of symmetric nuclear
matter; Ksym and Qsym are the corresponding quantities
for the symmetry energy. Note that unlike symmetric nu-
clear matter, the linear term in x (namely L) does not
vanish in the case of the symmetry energy. By relying on
these expansions, the energy per particle of asymmetric
nuclear matter may be written in the following form [c.f.
to Eq. (3)]:
E(ρ, α) = (ε0+Jα2) + Lα2x+
1
2
(K0+α
2Ksym)x
2
+
1
6
(Q0+α
2Qsym)x
3 + . . . (18)
Since the density pressure L does not vanish, the satura-
tion point in asymmetric matter shifts from x0 =0 to x¯0,
where the latter is defined as the solution to ∂E/∂x=0. To
O(α2), the solution to this equation is simple and results
in a shift of the saturation density to [11]:
x¯
0
= − L
K0
α2 =⇒ ρ¯0
ρ0
=1+3x¯
0
=1−3 L
K0
α2 . (19)
Given that PREX has established the existence of a neu-
tron rich skin in 208Pb, the symmetry pressure must be
positive, indicating that the saturation point must move
to lower densities. In turn, the incompressibility coefficient
of neutron-rich matter may now be found by expanding
Eq. (18) around x¯0. That is,
E(ρ, α) = E(x¯0 , α) +
1
2
(x−x¯0)2
(
∂2E
∂x2
)
x¯0
+ . . . (20)
Alternatively, by introducing x¯= (ρ− ρ¯0)/3ρ¯0 to quantify
deviations from the new equilibrium density, we obtain in
analogy to the symmetric case, the following expression:
E(ρ, α) = (ε0 + Jα2) +
1
2
K0(α)x¯
2 + . . . (21)
where the incompressibility coefficient of neutron-rich mat-
ter is given to O(α2) by [11]
K0(α) = K0+Kτα
2 ≡ K0+
(
Ksym−6L−Q0
K0
L
)
α2 . (22)
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Given that the centroid energy of the giant monopole res-
onance (GMR) scales as the square-root of the incom-
pressibility coefficient [78], the impact of the density de-
pendence of the symmetry energy on the distribution of
monopole strength may be significant. In particular, a sys-
tematic study of GMR energies as a function of neutron-
proton asymmetry—especially along isotopic chains [64,
65,66]—may be of enormous value. For example 90Zr, a
nucleus with a well-developed GMR peak but with a neutron-
proton asymmetry of only α290 = (0.111)
2 = 0.012, is ideal
for determining the incompressibility coefficient of sym-
metric nuclear matter K0. Once K0 has been determined,
one may then use the GMR in 208Pb, with a value of
α2208 = (0.212)
2 = 0.045 four times as large, to constrain
Kτ [79]. It is important to underscore that one measure-
ment alone is not sufficient. For example, NL3 is known to
predict a rapid increase with density for both symmetric
nuclear matter and the symmetry energy. In particular, it
was possible for NL3 to be consistent with the GMR in
208Pb by having a large value of Kτ compensate for a cor-
respondingly large value of K0 [80]. However, this was no
longer possible in the case of 90Zr because its significant
lower value of α2. Thus, NL3 was found to overestimate
the GMR in 90Zr by about 0.7 MeV, which is significantly
larger than the 0.2 MeV experimental error [79].
We conclude this section with a brief summary of the
relevant moments of the distribution of strength that will
be displayed in Sec. 3. In the long wavelength limit the
distribution of isoscalar monopole strength R(ω;E0) is
directly related to the longitudinal response defined in
Eq. (6) by the following expression:
R(ω;E0) = lim
q→0
(
36
q4
)
SL(q, ω;E0) . (23)
In turn, moments of the distribution of isoscalar monopole
strength are defined as suitable energy weighted sums.
That is,
mn(E0) ≡
∫ ∞
0
ωnR(ω;E0) dω . (24)
Widely used in the literature are the energy weighted m1,
energy unweighted m0, and inverse energy weighted m−1
sums. In particular, we will present results in Sec. 3 for the
GMR centroid energies defined as EGMR =m1/m0.
2.3 Isovector Giant Dipole Resonance
In a simple macroscopic picture the isovector giant dipole
resonance (GDR) is perceived as an out of phase collective
oscillation of neutrons against protons. Thus, the symme-
try energy at sub-saturation densities acts as the restor-
ing force. As in the case of the GMR, the distribution of
isovector dipole strength R(ω;E1) may be extracted from
the longitudinal response defined in Eq. (6). That is, in
the long wavelength approximation we obtain
R(ω;E1) = lim
q→0
(
9
4piq2
)
SL(q, ω;E1) . (25)
We note that the relevant transition operator extracted
from Eq. (7) for the isovector dipole mode is given by
ρˆ
3
(q)∝
∫
d3r ψ¯(r)j1(qr)Y1µ(rˆ)γ
0τ3ψ(r) , (26)
where j1 is a spherical Bessel function and Y1µ is a spher-
ical harmonic. We have mentioned that in finite nuclei,
especially those with a significant neutron excess, there
may be significant mixing between isoscalar and isovec-
tor modes. In the particular case of dipole resonances, the
isovector GDR will mix with the isoscalar mode, so care
must be taken in handling properly the spurious center
of mass motion. However, we stress that in the context of
a self-consistent RPA framework, no modification to the
transition operator given in Eq. (26) is required, as the for-
malism by itself and nothing else should push all spurious
strength to zero excitation energy [75].
Moments of the distribution of isovector dipole strength
may be defined in analogy to Eq. (24) as follows:
mn(E1) ≡
∫ ∞
0
ωnR(ω;E1) dω . (27)
Of great relevance are the energy weighted m1 and inverse
energy weighted m−1 sums. In particular, m1 satisfies a
classical energy weighted sum rule (EWSR):
m1(E1) =
9~2
8piM
(
NZ
A
)
≈14.8
(
NZ
A
)
fm2MeV . (28)
Note that the EWSR is related to the total photoabsorp-
tion cross section σ(ω) and the corresponding TRK sum
rule. That is,∫ ∞
0
σ(ω) dω =
16pi3
9
e2
~c
m1 ≈ 60
(
NZ
A
)
MeV mb . (29)
The power of the sum rules is that in principle they are
independent of the details of the interaction. In practice,
however, the classical sum rules are only valid in the ab-
sence of exchange and momentum dependent forces [7].
The appearance of such forces modifies the classical sum
rules and their impact is traditionally accounted for by
multiplying the right-hand side of Eqs. (28-29) by a fac-
tor of (1+κTRK) with κTRK ≈ 0.2 [7]. Also note that the
classical sum rules were derived using a non-relativistic
formalism so one may also need to correct for relativistic
effects; we will assume here that such relativistic effects
have been also incorporated into κTRK.
Besides the EWSR, the inverse energy weighted sum
m−1 is of critical importance because its sensitivity to the
density dependence of the symmetry energy [81,82,83,84].
Note that the electric dipole polarizability α
D
is simply
related to m−1:
α
D
=
8pi
9
e2m−1 . (30)
Recently, a high-resolution measurement of the electric
dipole polarizability in 208Pb was performed at the Re-
search Center for Nuclear Physics (RCNP) using polarized
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proton inelastic scattering at forward angles [85,86]. The
great virtue of this experiment is that at forward angles
Coulomb excitation dominates, thereby making the ex-
traction of αD free from strong-interaction uncertainties.
The reported value of αD in
208Pb is [85,86]
α208
D
= (20.1± 0.6) fm3 . (31)
For additional details on this landmark experiment and on
how it may be used to constrain the density dependence of
the symmetry energy, see the contribution to this volume
by Tamii, von Neumann-Cosel, and Poltoratska.
Although microscopic MF+RPA calculations of α
D
will
be presented in the next section, we close this section
by providing insights from the macroscopic liquid droplet
model to elucidate the connection between the dipole po-
larizability and the density dependence of the symmetry
energy [84,87]. In particular, following closely the recent
analysis by Roca-Maza and collaborators, one finds a sim-
ple relation between α
D
and two fundamental parameters
of the symmetry energy, namely, J and L. That is [84],
αDM
D
≈ pie
2
54
A〈r2〉
J
[
1 +
5
3
L
J

A
]
. (32)
where 〈r2〉 is the mean-square radius of the nucleus and

A
=(ρ0−ρA)/3ρ0 accounts for the difference between the
saturation density ρ0 and an appropriate average nuclear
density ρ
A
. Note that this expression suggests that J and
L may be separately constrained from measuring αD in a
few nuclei. Moreover, it indicates that the dipole polariz-
ability times the symmetry energy at saturation density
(α
D
J) should be better correlated to L than α
D
alone [84].
3 Results
Having developed the formalism required to compute the
distribution of both monopole and dipole strength, we are
now in a position to discuss the predictions of our rela-
tivistic RPA calculations. However, before doing so it is
convenient to introduce the models used in this work and
their associated predictions for the bulk parameters of in-
finite nuclear matter. We start by displaying in Table 1
the model parameters for the various relativistic density
functionals used in this review. Note that the parame-
ters are defined according to the Lagrangian density given
in Eq. (5). Included in this set are the two accuartely-
calibrated density functionals: NL3 [88,89] and FSUGold
(or “FSU” for short) [90]. Relative to NL3—a model enor-
mously successful in reproducing masses and charge radii
over the whole nuclear chart—FSUGold includes two addi-
tional parameters (ζ and Λv) that are used to soften both
the EOS of symmetric nuclear matter and the symmetry
energy. The IU-FSU effective interaction was conceived
in response to the recent interpretation of X-ray observa-
tions by Steiner, Lattimer, and Brown that suggests that
FSUGold predicts neutron star radii that are too large
and a maximum stellar mass that is too small [91]. As
seen in Table 1, stiffening the EOS of symmetric nuclear
matter by reducing ζ and softening the symmetry energy
by increasing Λv provides a simple and efficient procedure
to overcome these problems [92]. Finally, the last three
effective interactions labeled as TAMUC-FSU (or “TF”
for short) were created in response to the provocative re-
sult reported by the PREX collaboration, namely, that
the neutron-skin thickness of 208Pb is significantly larger
than predicted by a large set of theoretical calculations.
Indeed, the PREX central value of r208skin≈0.33 fm is partic-
ularly intriguing. Hence, the TF interactions (calibrated
to r208skin = 0.25, 0.30, and 0.33 fm, respectively) were cre-
ated to test whether such a thick neutron-skin in 208Pb
is already incompatible with laboratory experiments or
astrophysical observations [93].
Note that although the parameters of the IU-FSU and
TAMUC-FSU models do not follow from a strict optimiza-
tion procedure, a significant effort was made in reproduc-
ing some bulk parameters of infinite nuclear matter as
well as some critical properties of finite nuclei. Indeed,
predictions from various bulk parameters of infinite nu-
clear matter as defined in Eqs. (17) and (22) are listed in
Table 2. In particular, the variation among those bulk pa-
rameters that are sensitive to nuclear masses is relatively
small: ∆ρ0 ≈ 5%, ∆ε0 ≈ 2%, and ∆J ≈ 40%. Note that
even though ∆J does not appear to be small, Eq. (21)
suggests that the relevant combination that enters the de-
termination of nuclear masses is α2∆J ; for stable nuclei
α2∆J . 6%. Although accurately measured ground-state
properties are fairly insensitive to the incompressibility
coefficient of symmetric nuclear matter, the calibration of
modern relativistic functionals now aims to incorporate
GMR energies from a few critical nuclei, such as 90Zr and
208Pb [94]. This should help reduce the uncertainty in K0.
Note, however, that at present even the sign of the skew-
ness parameter Q0 remains unconstrained. Also poorly
constrained are the symmetry energy parameters L and
Ksym, with the former displaying a variation of more than
a factor of two and the latter with a sign that still remains
undetermined. Not surprisingly, the symmetry energy con-
tribution to the incompressibility coefficient Kτ—which
involves a linear combination of L, Ksym, and Q0 as shown
in Eq. (22)—displays a variation of more than a factor of
four. However, note that in spite of such a large variation,
the sign of Kτ is predicted to be negative in all the mod-
els. This fact is driven by the large and negative coefficient
(of −6) in front of L in the expression for Kτ . Given the
very strong correlation between L and the neutron-skin
thickness of 208Pb, Kτ is likely to be negative for all re-
alistic models that predict a neutron-rich skin in 208Pb.
Finally, the last two columns display the incompressibility
coefficient of neutron-rich matter with a neutron-proton
asymmetry equal to that of 90Zr and 208Pb, respectively.
Ignoring the predictions from the NL3 parametrization,
as it did not include information on GMR energies in
its calibration, the variations amount to ∆K90 ≈ 10%
and ∆K208 ≈ 3%. As GMR centroid energies scale as
EGMR(α)∝
√
K0(α), the anticipated errors in the respec-
tive energies should be half as large. Given that FSUGold
is consistent with the GMR centroid energies in both 90Zr
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Model ms(MeV) g
2
s g
2
v g
2
ρ κ(MeV) λ ζ Λv
NL3 508.194 104.3871 165.5854 79.6000 3.8599 −0.015910 0.00 0.00000
FSUGold 491.500 112.1996 204.5469 138.4701 1.4203 +0.023760 0.06 0.03000
IU-FSU 491.500 99.4266 169.8349 184.6877 3.3808 +0.000296 0.03 0.04600
TAMUC-FSUa 502.200 106.5045 176.1780 97.3556 3.1824 −0.003470 0.02 0.01267
TAMUC-FSUb 497.100 104.3524 176.2026 90.5000 3.1163 −0.003021 0.02 0.00000
TAMUC-FSUc 496.800 113.9565 198.0546 103.4000 2.6079 −0.001864 0.02 0.00000
Table 1. Model parameters for all the relativistic density functionals used in the text. Masses for the isoscalar-vector meson,
isovector-vector meson, and nucleon have been fixed at mv = 782.5 MeV, mρ= 763 MeV, and M=939 MeV, respectively.
and 208Pb, we expect that all models—with the possible
exception of NL3—should also be consistent with exper-
iment. Note that whereas GMR constraints on the sym-
metry energy are hindered by the short lever arm mul-
tiplying Kτ (i.e., α
2), isovector dipole excitations probe
directly the symmetry energy. In particular, insights from
the droplet model suggest that measurements of the elec-
tric dipole polarizability for a variety of nuclei should si-
multaneously constrain the value and slope (J and L) of
the symmetry energy at saturation density. Ultimately,
the determination of the density dependence of the sym-
metry energy will require a concerted effort involving both
laboratory experiments and astrophysical observations. This
special volume goes a long way towards fulfilling this goal.
3.1 Isoscalar Giant Monopole Resonance
We start this section by displaying in Fig. 3 relativistic
RPA predictions for the distribution of isoscalar monopole
strength for nuclei ranging from 90Zr to 208Pb. As it was
underscored in the previous section, a systematic study
on nuclei with a wide range of neutron-proton asymme-
tries and well developed GMR peaks is required to con-
strain both K0 and Kτ . As it is evident from the figure,
the heavier the nucleus the stronger the collective effects.
Given the strong and attractive nature of the isoscalar
residual interaction, a softer and better developed GMR
peak is generated with increasing A. Note that the pre-
dicted escape width is generated exactly within the non-
spectral approach. However, the predicted width is in gen-
eral smaller than experiment as more complicated excita-
tions (such as those involving many particles and holes)
are beyond the scope of the RPA approach. Although the-
oretical RPA calculations are unable to account for the full
experimental width, they should be able to provide a fairly
good description of the centroid energy EGMR =m1/m0.
To this end, predictions for the centroid energy of the six
nuclei considered in Fig. 3 are listed in Table 3 together
with the corresponding experimental values [60,61,62,63,
64,65,66]. The numbers in parenthesis correspond to the
range of excitation energies used to compute the moments
of the distribution of strength [see Eq. (24)]. The same
information is displayed in graphical form in Fig. 4 for
90Zr, 116Sn, 144Sm, and 208Pb. It is evident from the fig-
ure that regardless of the value of K0 and the stiffness of
the symmetry energy, all models—with the possible ex-
ception of NL3—cluster around each other. Indeed, with
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Fig. 3. (color online) Distribution of isoscalar monopole
strength for nuclei ranging from 90Zr to 208Pb as predicted
by relativistic RPA calculations using the FSUGold effective
interaction [90].
the exception of NL3, the variation in the predictions of
these models is limited to at most 2%. This suggests that
centroid energies of monopole resonances—even those of
nuclei with a large neutron excess—are unable to place
stringent constrains on the density dependence of the sym-
metry energy [93].
3.1.1 Why is Tin so soft?
We just showed how predictions from a variety of models
with widely different bulk properties can reproduce the
GMR centroid energies of 90Zr, 144Sm, and 208Pb. How-
ever, on closer examination these models appear to overes-
timate the GMR energy in all of the Tin isotopes. Indeed,
whereas the theoretical spread among these model (not
including NL3) amounts to at most 1%, their predictions
are incompatible with experiment. Thus, the question of
“why is Tin so soft?” has been raised to the forefront
of nuclear structure [11,64,65,95,96,97,98,99]. To under-
score the challenge facing nuclear structure we display in
Fig. 5 the distribution of isoscalar monopole strength in all
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Model ρ0(fm
−3) ε0 K0 Q0 J L Ksym Kτ K90 K208
NL3 0.148 −16.24 271.54 209.46 37.29 118.19 100.88 −699.41 262.90 240.24
FSUGold 0.148 −16.30 230.00 −522.74 32.59 60.52 −51.31 −276.87 226.59 217.62
IU-FSU 0.155 −16.40 231.33 −291.12 31.30 47.21 28.53 −195.29 228.92 222.59
TAMUC-FSUa 0.149 −16.23 245.00 −150.77 35.05 82.50 −68.37 −512.60 238.67 222.06
TAMUC-FSUb 0.149 −16.40 250.00 −156.60 40.07 122.53 45.88 −612.54 242.44 222.59
TAMUC-FSUc 0.148 −16.47 260.49 92.86 43.67 135.25 51.64 −808.04 250.51 224.33
Table 2. Bulk parameters of infinite nuclear matter at saturation density ρ0 . The quantities ε0 , K0, and Q0 represent the
binding energy per nucleon, incompressibility coefficient, and skewness parameter of symmetric nuclear matter. Similarly, J ,
L, and Ksym represent the energy, slope, and curvature of the symmetry energy; see Eq. (17). Kτ is the symmetry energy
contribution to the incompressibility coefficient defined in Eq. (22). Finally, K90 and K208 correspond to the incompressibility
coefficient of asymmetric nuclear matter with a neutron-proton asymmetry equal to that of 90Zr (α90 = 0.111) and
208Pb
(α208 =0.211), respectively. All quantities are in MeV unless otherwise indicated.
Model 90Zr(10-26) 116Sn(10-23) 120Sn(10-20) 124Sn(10-20) 144Sm(8-23) 208Pb(8-23)
NL3 18.62 17.09 16.76 16.52 16.14 14.33
FSUGold 17.98 16.55 16.24 16.08 15.63 14.02
IU-FSU 17.87 16.51 16.29 16.14 15.61 14.17
TAMUC-FSUa 18.06 16.59 16.32 16.10 15.65 13.96
TAMUC-FSUb 18.09 16.61 16.31 16.08 15.67 13.89
TAMUC-FSUc 18.17 16.66 16.36 16.11 15.72 13.89
Experiment
TAMU 17.89±0.20 16.07±0.12 14.50±0.14 15.39±0.28 14.17±0.28
RCNP 18.10±0.10 16.19±0.10 15.55±0.10 15.27±0.10 16.00±0.35 13.90±0.20
Table 3. GMR Centroid energies predicted by the relativistic models discussed in the text. Quantities in parenthesis represent
the minimum (ωmin) and maximum (ωmax) values used in Eq. (24) to compute various moments of the distribution of strength.
Experimental values were obtained at TAMU [60,61] and RCNP [62,63,64,65,66].
stable, neutron-even Tin isotopes measured at RCNP [64,
65]. Also shown in the figure are relativistic RPA predic-
tions obtained with the “stiff” NL3 and “soft” FSUG-
old interactions. Note that for clarity the theoretical peak
energy has been normalized to the experimental data.
The RCNP experiment aimed to probe the incompressibil-
ity of neutron-rich matter by measuring the GMR along
a chain of isotopes with a neutron excess in the range
α=0.11-0.19. Clearly discernible in the figure is the larger
width of the experimental distribution relative to the the-
oretical predictions. This is expected, as RPA calcula-
tions are unable to account for the complicated spreading
width. What is not expected is the systematic harden-
ing of the theoretical predictions—especially given that
FSUGold reproduces the centroid energies of 90Zr, 144Sm,
and 208Pb. To further elucidate this problem we display
in Fig. 6 centroid energies obtained by integrating the dis-
tribution of monopole strength over the ω= 10−20 MeV
interval. Two points are worth emphasizing: (a) the value
of the centroid energy in 112Sn and (b) the softening of
the mode as a function of A. Given that the neutron ex-
cess in 112Sn is small (α2 ≈ 0.01), the value of its cen-
troid energy is mostly sensitive to K0 with only a 1%
correction from Kτ . This is clearly reflected in the predic-
tions of NL3 (with K0 = 271.5 MeV) and FSUGold (with
K0 =230.0 MeV). In particular, the FSUGold prediction is
within 1% of the (upper limit of the) experimental value.
However, the experiment suggests a very rapid softening
of the mode with mass number that is not reproduced by
either NL3 or FSUGold. Note that the falloff with A is
controlled—at least in infinite nuclear matter—by Kτ so
the softening predicted by NL3 is indeed faster than that
of FSUGold, but clearly nowhere as fast as required by
the experiment. Hence, the 1% discrepancy 112Sn between
FSUGold and experiment, increases by a factor of 4—or to
0.7 MeV which is significantly larger than the 0.1 MeV ex-
perimental error. Also shown in Fig. 6 are the predictions
from a “Hybrid” model that was created with the sole
purpose of reproducing the RCNP data [11]. In particu-
lar, the Hybrid model has the same soft incompressibility
coefficient as FSUGold (K0 = 230 MeV) but a consider-
able stiffer symmetry energy (Kτ =−565 MeV). Note that
these bulk parameters agree with the recommended val-
ues of K0 =240±10 MeV and Kτ =−550±100 MeV given
in Ref. [64]. Unquestionably, the Hybrid model produces
a significant improvement in the description of the data.
Indeed, accounting for the experimental errors, the theo-
retical predictions fall within 0.1 MeV of the experimental
data along the full isotopic chain. However, the falloff with
A is still not as rapid as required by experiment. Yet, the
Hybrid model suffers from an ever more serious problem:
it underestimates the GMR centroid energy in 208Pb by
almost 1 MeV; see also Ref. [97]. Given that the solution
to the problem of the softness of Tin should not come at
the expense of sacrificing the overall quality of the model,
we must conclude that the Hybrid model is unrealistic.
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Fig. 4. (color online) GMR centroid energies (EGMR =m1/m0)
in 90Zr, 116Sn, 144Sm, and 208Pb, as predicted by the relativis-
tic effective interactions used in the text. Also shown in the
figure are experimental measurements reported by TAMU [60,
61] and RCNP [62,63,64,65,66]. The black line represents a
best fit to the FSU predictions of the form Efit =69 A
−0.3.
So after more than 5 years since the publication of the
experimental data, the answer to the question of “why is
Tin so soft?” continues to elude us. Note that the softness
of Tin has been recently confirmed in the nearby isotopic
chain in Cadmium [100]. It has been proposed that the
failure to reproduce the GMR energies in Sn, and now
in Cd, may be due to missing physics unrelated to the
bulk incompressibility of neutron-rich matter. One sug-
gestion that has received considerable attention involves
the superfluid character of the Tin isotopes [101,102,103,
104,105]. Although the conclusions have been mixed and
seem to depend strongly on the character of the pairing
force, it is safe to assume that pairing correlations do not
provide a robust softening mechanism. Regrettably then,
we are forced to conclude that the softness of both Tin
and Cadmium remains an important open problem.
3.2 Isovector Giant Dipole Resonance
Whereas probing to the symmetry energy via the GMR is
hindered by the relative small neutron-proton asymmetry
of stable nuclei, the isovector dipole mode provides a di-
rect access to its density dependence. Indeed, the GDR is
commonly perceived as an out of phase oscillation of neu-
trons against proton with the symmetry energy acting as
the restoring force. In particular, models with a stiff sym-
metry energy (i.e., models with an energy that increases
rapidly with increasing density) predict small values for
the symmetry energy at the sub-saturation densities of
relevance to the excitation of this mode. As a result, mod-
els with a stiff symmetry energy, and thus large values of
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Fig. 5. (color online) Comparison between the distribution
of isoscalar monopole strength in all stable, neutron-even Tin
isotopes measured at RCNP [64,65] against the theoretical pre-
dictions of NL3 (green dashed line) and FSUGold (blue solid
line).
L, predict a distribution of dipole strength that is both en-
hanced and softened relative to their softer counterparts.
However, although the distribution of dipole strength is
sensitive to the density dependence of the symmetry en-
ergy, the energy weighted sum is not. This is because the
m1 moment of the distribution is “protected” by the clas-
sical model independent EWSR [see Eq. (28)]. A far bet-
ter isovector indicator is the electric dipole polarizability
which is directly proportional to the inverse EWSR [81,82,
83,84]. The dipole polarizability is particularly attractive
because here the softening and enhancement are inten-
sified as one weighs the response with ω−1. This point
is nicely illustrated in Fig. 7 which displays the inverse
energy weighted distribution of isovector dipole strength
in 208Pb for the “family” of FSUGold interactions. The
virtue of introducing such family of interactions is that
one can assess systematic changes in a given observable
as a single bulk parameter of the EOS is modified. In the
particular case of the FSU family of interactions, one mod-
ifies the density dependence of the symmetry energy—
essentially the value of L—while leaving the isoscalar sec-
tor intact [31]. Indeed, all models displayed in Fig. 7 share
the same value of ρ0, ε0, K0, and Q0. Note that the mod-
els displayed in the figure are labeled according to their
value of L. As mentioned earlier, the stiffer the symmetry
energy the larger and softer the response. This trend be-
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Fig. 6. (color online) Comparison between the GMR cen-
troid energies in all stable, neutron-even Tin isotopes mea-
sured at RCNP [64,65] against the theoretical predictions of
NL3 (green down-triangles), FSUGold (blue up-triangles), and
the Hybrid model (red diamonds) introduced in Ref. [11]. Also
shown (magenta circles) are measurements from the Texas
A&M group [60,61] for 112,116,124Sn.
comes evident in the inset to the figure which displays the
running sum m−1(ω) defined as
m−1(ω) ≡
∫ ω
0
z−1R(z;E1) dz . (33)
Although there is already some separation at lower excita-
tion energies, by the time that one has integrated over the
region of the GDR the model dependence becomes appar-
ent. Hence a powerful correlation emerges: the larger the
value of L, the larger the dipole polarizability in 208Pb.
Moreover, this correlation may be framed in the form of a
powerful “data-to-data” relation: the larger the neutron-
skin thickness of 208Pb the larger its dipole polarizability.
Such a data-to-data relation between the neutron-skin
thickness and electric dipole polarizability in 208Pb is dis-
played in Fig. 8 for a large set of 48 relativistic and non-
relativistic energy density functionals [83]. Even though a
clear linear trend between α208
D
and r208skin is observed, one
also notices a significant scatter in the predictions of these
models. However, note that each set of systematically var-
ied models (all models with the exception of the standard
Skyrme interactions depicted with the black triangles) dis-
play an almost perfect correlation. An overall correlation
coefficient of 0.77 is found when the predictions from all
48 EDFs are included. Note that by imposing the recent
experimental constraint from α208
D
[85,86] several models,
especially those with a very stiff symmetry energy, may
already be ruled out. Remarkably, if the updated PREX
experiment (PREX-II)—with a projected uncertainty of
0.06 fm—finds that its central value of r208skin = 0.33 fm re-
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Fig. 7. (color online) Distribution of inverse energy weighted
isovector dipole strength for 208Pb as predicted by the FSUG-
old family of effective interactions. The labels indicate the slope
of the symmetry energy L predicted by each model and the in-
set shows the running sum m−1(ω) as defined in Eq. (33).
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Fig. 8. (Color online) Predictions from 48 nuclear EDFs
for the electric dipole polarizability and neutron-skin thick-
ness of 208Pb as discussed in Ref. [83]. Constrains from both
RCNP [85,86] and PREX [19] (the latter assuming a projected
0.06 fm error) have been incorporated into the plot.
mains intact, then all 48 models displayed in the figure
will be ruled out!
Although the correlation between α208
D
and r208skin dis-
played in Fig. 8 is evident, insights from the droplet model
[Eq. (32)] suggest that a far better correlation involves the
product of α208
D
times the symmetry energy at saturation
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a function of the slope of the symmetry energy L. The two shaded regions represent the 99.9% and 70% confidence bands,
respectively. These results were first reported in Ref. [84].
density J predicted by each model [84]. Thus, we display
in Fig. 9 the product α208
D
J as a function of both r208skin (in
the left-hand panel) and L (in the right-hand panel). Re-
markably, the large spread in the model predictions seen in
Fig. 8 has been practically eliminated. Indeed, the figure
validates (with correlation coefficients of 0.97 and 0.96)
that the product α208
D
J is far better correlated to both
r208skin and L than the polarizability alone. Note that the set
of density functionals used in Fig. 9 now includes two addi-
tional EDFs, namely, TAMUC-FSU [93] and SAMi [106],
with the former having a stiff and the latter a soft sym-
metry energy. Between them, they span a large range in
neutron-skin thickness: r208skin ≈ (0.12-0.33) fm or equiva-
lently L≈(30-135) MeV. Still, the predictions from both of
these models fall comfortably within the confidence bands.
We expect that during the next few years high-precision
measurements of the electric dipole polarizability on a va-
riety of nuclei will provide stringent constraints on the
density dependence of the symmetry energy.
3.2.1 Pygmy Dipole Resonance
We conclude this section by discussing the interesting and
often controversial topic of low energy dipole strength, the
so-called Pygmy Dipole Resonance (PDR). Proposals on
the possible existence of a new type of dipole oscillation in
which the neutron skin vibrates against the isospin sym-
metric core date back to the early 1990’s [107,108]. Since
then, state-of-the-art RPA calculations have been devel-
oped to predict the distribution of of low-energy dipole
strength and associated transition densities for a variety
of neutron-rich nuclei [109,110,111,112,113,114,115,116].
Given that stable heavy nuclei are neutron rich, one ex-
pects the emergence of low energy dipole strength as the
nucleus develops a neutron-rich skin. Thus, it was sug-
gested that the PDR may be used as a constraint on the
neutron skin of heavy nuclei [114] as well as on the den-
sity dependence of the symmetry energy, and ultimately
on the properties of neutron stars [117]. In particular, the
fraction of the energy weighted sum rule exhausted by
the PDR was shown to be sensitive to the neutron-skin
thickness of heavy nuclei [39,114,117,118,119]. Pioneer-
ing experiments on unstable neutron-rich isotopes in Sn,
Sb, and Ni seem to support this assertion [119,120,121,
122]. For a recent review on the Pygmy Dipole Resonance
see Ref. [123].
To observe the emergence of pygmy strength as the
nucleus develops a neutron-rich skin, we display in Fig. 10
the distribution of isovector dipole strength R(ω;E1) for
all neutron-even Sn isotopes from 100Sn to 130Sn. The re-
sults shown in the figure are obtained from RPA calcu-
lations using the FSUGold effective interaction [90]. The
large collective structure in the ω & 15 MeV corresponds
to the giant dipole resonance. The collective character of
the GDR is associated with the coherent out of phase os-
cillation of neutrons against protons and is observed in
all isotopes regardless of neutron excess. Moreover, as is
characteristic of such a giant resonance, it exhausts a large
fraction of the EWSR. But clearly not all! The emergence
of low-energy dipole strength with increasing neutron ex-
cess is clearly discernible in the figure. Indeed, the pro-
gressive addition of neutrons results in a well developed,
albeit small, low-energy resonance. Note that the PDR
is barely visible below 108Sn, increases gradually beyond
110Sn, and finally saturates at 120Sn. This saturation effect
is attributed to the filling of the 1h11/2 neutron orbital.
Whereas the 12 neutrons filling the 1h11/2 orbital con-
tribute to a systematic increase in the size of the neutron
skin, high-angular momentum orbitals play a minor role
in generating low-energy dipole strength [117].
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isotopic chain in Sn. The experimental data is from Ref. [120].
The fraction of the EWSR contained in the PDR rela-
tive to that of the GDR is displayed in Fig. 11 as a function
of neutron-skin thickness. Note that below 108Sn, where
there is no visible low-energy strength, the neutron-skin
thickness of the various Sn-isotopes is negative. The ex-
perimental data is from the pioneering measurement on
the unstable 130,132Sn isotopes carried out by the LAND-
FRS collaboration at GSI [120]. The separation between
low- and high-energy strength was chosen at ω=10 MeV.
The linear correlation between rskin and the fraction of
dipole strength exhausted by the PDR justifies the asser-
tion that the neutron excess is indeed responsible for the
emergence of low-energy strength as the nucleus becomes
progressively more neutron rich. Moreover, the saturation
of this effect due to the failure of the 1h11/2 neutron or-
bital to generate low-energy strength is also clearly visible.
Unfortunately, at present the experimental error bars are
too large to place significant constraints on the density de-
pendence of the symmetry energy. However, by combining
information on the the fraction of the EWSR exhausted
by the PDR in both 132Sn [120] and 68Ni [121], Carbone
and collaborators were able to constrain the slope of the
symmetry energy to the range of L=64.8±15.7 MeV [39].
In spite of this success, we believe that the reliance on
the energy weighted sum rule suffers from two serious lim-
itations. First, the classical EWSR is model independent
so the sensitivity of the fraction exhausted by either the
PDR or GDR to the symmetry energy must be modest.
Second, in generating the EWSR one weighs the distribu-
tion of strength with the energy, thereby diminishing the
impact of the PDR even further. In contrast, the inverse
energy weighted sum rule does not suffer from any of these
problems. First, as shown in Fig. 7, the inverse EWSR is
sensitive to the density dependence of the symmetry en-
ergy. Second, the low-energy strength is now enhanced by
weighting the distribution of strength with ω−1. A nucleus
with a significant amount of low-energy dipole strength is
the exotic, neutron-rich 68Ni isotope [121,122]. The inverse
energy weighted distribution of isovector dipole strength
in 68Ni is displayed on the left-hand panel of Fig. 12 for the
family of FSUGold interactions. For reference, the fraction
of the EWSR exhausted by the PDR in 68Ni ranges from
about 5% for the softest model to about 8% for the stiffest.
In contrast, the fraction of the inverse EWSR contained
in the PDR is significantly larger and varies in the range
20-25%; note that the corresponding fraction in 208Pb—
although still sizable—amounts to only 10% [see Fig. 7].
Moreover, the running sum m−1(ω) depicted in the in-
set shows that there is significant model sensitivity to the
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amount of strength contained in both the PDR and the
GDR. Although somehow arbitrary, the arrow located in
the “dip region” is used to define the energy separating the
low-energy from the high-energy region. To highlight these
features we display in Figs. 12b and 12c NL3 and FSUG-
old predictions for the fractional changes in the total and
Pygmy contributions to both m1 and αD as a function of
the neutron-skin thickness of 208Pb. Note that for ease of
view we have plotted the fractional changes, i.e, we have
normalized the lowest point to one, and have used a “tilde”
to denote these fractional changes. As anticipated, given
that m1 satisfies a classical sum rule, the sensitivity of the
total EWSR to the density dependence of the symmetry
energy is very weak; the slight deviation from one is due
to the model dependence of the TRK enhancement fac-
tor. Conversely, the PDR displays a large sensitivity, albeit
with a small signal, and could in principle be used to place
constraints on the neutron-skin thickness of 208Pb. Indeed,
Carbone et al. have used measurements of the fraction of
the EWSR exhausted by the PDR in both 132Sn [120] and
68Ni [121] to extract a value of r208skin =0.194±0.024 fm [39].
However, the dipole polarizability enjoys several advan-
tages over the EWSR. First, as far as the PDR is con-
cerned, the sensitivity to r208skin is as large for αD as it is
for m1. Second, the total dipole polarizability is not pro-
tected by a classical sum rule. Thus, unlike the EWSR,
the sensitivity of the total dipole polarizability to r208skin
is significant. Finally—and most importantly—the total
dipole polarizability is immune to the arbitrary separation
of low-energy from high-energy strength. Indeed, whereas
Fig. 12a shows a clear separation, experimentally the GDR
tends to be quite broad, so deciding how much strength
is contained in the PDR and how much in the tail of the
GDR is likely to be ill defined [123]. Thus, we conclude
that the (total) electric dipole polarizability is a robust
isovector indicator that provides critical insights into the
density dependence of the symmetry energy. Nevertheless,
the PDR is enormously interesting and one should devote
time and resources to investigate its character and its con-
nection, if any, to the neutron-skin thickness of heavy nu-
clei. Regardless, we believe that independent of the nature
of the PDR, the emergence of low-energy dipole strength
as nuclei develop a neutron-rich skin is an incontrovertible
fact [82].
4 Conclusions and Outlook
In this review we have examined the critical role played by
giant resonances in constraining the density dependence
of the symmetry energy. In particular, we focused on the
isoscalar monopole and isovector dipole resonances. We
made this choice in response to the enormous experimen-
tal effort devoted to these resonances and for the critical
physical insights that have emerged as a result.
Given that symmetric nuclear matter saturates, the
incompressibility coefficient K0 controls the energetics of
the small oscillations around the saturation density. The
GMR—or nuclear breathing mode—is our window into
the incompressibility of nuclear matter. However, the ac-
curate determination of K0 requires the formation of a
strong collective peak that exhausts most of the energy
weighted sum rule. As such, one must rely on heavy nuclei,
which are necessarily neutron-rich. This implies that ex-
periments that measure the GMR in heavy nuclei (such as
208Pb) probe the incompressibility coefficient of neutron-
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rich matter, rather than that of symmetric matter. We
showed in Eq. (22) that in terms of the neutron-proton
asymmetry α, the incompressibility coefficient of asym-
metric nuclear matter is given by K(α) = K0 +Kτα
2.
The sensitivity of GMR energies to the density depen-
dence of symmetry energy comes through its dependence
on Kτ . Indeed, Kτ is dominated by the slope of the sym-
metry energy L. Thus, it was believed that by measuring
GMR centroid energies in 90Zr and 208Pb—nuclei with
well-developed GMR peaks but values of α2 that differ by
a factor of four—one could simultaneously constrain K0
and Kτ . Indeed, it was found that models with a rela-
tively small K0 and a soft the symmetry energy could re-
produce experimental GMR energies in 90Zr, 144Sm, and
208Pb. However, after a short period of relative calm, an
experiment at the RCNP facility in Japan has muddled
the waters. The goal of the experiment was to measure
the distribution of monopole strength in all even-A, stable
nuclei along the isotopic chain in Tin. The great advan-
tage of such an experiment is that one could monitor the
evolution of GMR strength as the isotope becomes pro-
gressively more neutron rich. However, the measurements
revealed that self-consistent models that were successful
in reproducing GMR energies in 90Zr, 144Sm, and 208Pb
overestimate the energy in all Sn-isotopes. Moreover, the
discrepancy between theory and experiment appears to
grow with neutron excess. Finally, we note that the soft-
ness of Tin has been extended to the neighboring isotopic
chain in Cadmium. Hence, we must conclude—in spite of
considerable effort—that the question of “why is Tin so
soft?” remains unanswered.
In the case of the isovector dipole resonance, the sym-
metry energy acts as the restoring force. Given that the
excitation of this mode results in the spatial separation
of two dilute quantum fluids, one neutron rich and the
other one proton rich, the GDR probes the symmetry en-
ergy at sub-saturation densities. This suggests that the
distribution of dipole strength for models with a stiff sym-
metry energy is soften and enhanced relative to models
having a soft symmetry energy. However, this sensitiv-
ity is eroded as one computes the energy weighted sum,
which is protected by a classical sum rule. Instead, an
observable that is particularly sensitive to the symme-
try energy is the electric dipole polarizability (or inverse
energy weighted sum) as here the softening and the en-
hancement act in tandem. Indeed, a powerful data-to-data
relation may be established in this case: the thicker the
neutron-skin thickness of 208Pb the larger the dipole po-
larizability. We note, however, that although not strictly a
data-to-data relation, a far stronger correlation emerges as
one multiplies the dipole polarizability by the symmetry
energy at saturation density [see Fig. 9]. Finally, we ad-
dressed the intriguing role of the pygmy dipole resonance
in constraining the density dependence of the symmetry
energy. Undeniably, we find a strong correlation between
the emergence of low-energy dipole strength and the de-
velopment of a neutron-rich skin along the isotopic chain
in Tin. What is unclear at this juncture—but should be
explored further—is whether one could cleanly separate
the low energy pygmy strength from the tail of the giant
dipole resonance. Regardless of whether this is possible,
the total electric dipole polarizability was found to be a
strong isovector indicator.
In summary, the distribution of isoscalar monopole
strength has been found to be sensitive to the density de-
pendence of the symmetry energy. Unfortunately, this sen-
sitivity is hindered by the relatively small neutron excess
of the stable nuclei explored to date. In addition, we con-
tinue to puzzle after more than 5 years over the question
of “why is Tin so soft?” Based on these facts, we strongly
encourage measurement of the distribution of monopole
strength in exotic nuclei at next generation facilities. In
particular, mapping centroid energies outside the stable
112Sn to 124Sn region is sure to prove invaluable. More-
over, the electric dipole polarizability α
D
has been found
to be sensitive to the density dependence of the symmetry
energy. Moreover, the combination of α208
D
J was seen to
be very strongly correlated (with a correlation coefficient
of 0.97) to the neutron-skin thickness of r208skin. Although
photo-absorption experiments have been used for decades
to probe the structure of the GDR, it is critical to delve
into the low-energy region for a proper evaluation of αD; in
68Ni the PDR alone accounts for 25% of the dipole polar-
izability. Here too the systematic exploration of the isovec-
tor dipole strength along the chain of Sn-isotopes, for both
stable and exotic nuclei, may prove priceless. In regards
to theory, the need to provide meaningful uncertainties in
theoretical predictions of physical observables is a theme
that is gaining significant momentum among the scientific
community. Indeed, the search for an accurately calibrated
microscopic theory that both predicts and provides well-
quantified theoretical uncertainties is one of the founding
pillars of modern nuclear energy density functionals [124,
125]. See the contribution to this volume by Nazarewicz,
Reinhard, Satula, and Vretenar. The need to quantify
model uncertainties in an area such as theoretical nuclear
physics is particularly urgent as models that are fitted
to experimental data are then used to extrapolate to the
extremes of temperature, density, isospin asymmetry, and
angular momentum. Inspired by some critical insights and
ideas developed in the context of non-relativistic Skyrme
functionals [81], a systematic statistical approach has been
recently extended to the relativistic domain [126,127]. An
ambitious program aimed at calibrating future EDFs us-
ing ground-state properties of finite nuclei, their collective
response, and neutron-star properties—supplemented by
a proper covariance analysis—is well on its way [94]. A
promising first step in this direction has been taken re-
cently [128].
We conclude our contribution with some thoughts on
the role of other physical observables addressed in this vol-
ume in constraining the density dependence of the sym-
metry energy. Unquestionably, such a challenging task will
require a coherent effort involving the theoretical, experi-
mental, and observational communities. From a theoreti-
cal perspective, powerful theoretical constraints that have
emerged from the nearly universal behavior of pure neu-
tron matter at very low densities have provided a strin-
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gent limit on the slope of the symmetry energy [40,41,
42]. See the contributions to this volume by Gandolfi et
al. and Hebeler et al. Experimentally, we have already
discussed at length the merits of giant resonances, espe-
cially the dipole polarizability, in constraining the symme-
try energy. Together with the electric dipole polarizabil-
ity, the neutron-skin thickness of heavy nuclei provide a
powerful set of experimental constraints on the symmetry
energy. The critical role of electroweak measurements of
neutron densities is discusses in this volume by Horowitz,
Kumar, and Michaels. Suffice it to say that elastic elec-
tron scattering is particularly advantageous as it provides
a clean probe of neutron densities that is free from strong-
interaction uncertainties. Finally, many contributions to
this volume have addressed the imprint of the symmetry
energy on astrophysical observables. Particularly promis-
ing is the accurate determinations of neutron-star radii—
an observable sensitive to the density dependence of the
symmetry energy at intermediate and high densities. Un-
doubtedly, enormous advances in land- and spaced-based
observatories have brought us closer to one of the holy
grails of neutron-star physics: mapping the mass-radius
relation (see the contribution by Lattimer and Steiner to
this volume). Ultimately, it will “take a village” to de-
velop the effective strategies required to explore theoret-
ically, experimentally, and observationally the remaining
open questions in this exciting field.
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